Abstract: Repetitive loading can induce volumetric and shear strain accumulation in soils and affect the long-term performance of engineered and natural geosystems. A hybrid numerical scheme based on the FEM is implemented to analyze problems where a very large number of cycles is involved. The numerical approach combines a classical mechanical constitutive model to simulate the static load and the first load cycle and empirical accumulation functions to track the accumulation of deformations during repetitive loading. The hybrid model captures fundamental characteristics of soil behavior under repetitive loading, such as threshold strains, terminal density, and ratcheting response; it also predicts volumetric and shear strains as a function of the static stress obliquity, the number of load cycles, and the plastic strain during the first load cycle. The proposed numerical scheme is used to analyze shallow foundations subjected to repetitive loads. Results show the evolution of vertical settlement, horizontal displacement, footing rotation, and stress redistribution within the soil mass as the number of load cycles increases. Displacements and rotation are more pronounced as the static factor of safety decreases and the cyclic load amplitude increases.
Introduction
Repetitive boundary loads can induce volumetric and shear strain accumulation in soils. Cumulative deformations reflect the static and cyclic stress fields, drainage and frequency effects, and the number of repetitions.
The long-term behavior of granular materials subjected to repetitive boundary conditions can be captured with classical constitutive models. Examples of mechanical models that describe the complete stress-strain response of a material include bounding surface plasticity (Dafalias and Herrmann 1986) , kinematic hardening (Mróz 1967) , generalized plasticity (Zhang et al. 2001) , and combined formulations (Gajo and Muir Wood 1999) . Constitutive models with irreducible plastic potentials during unloading are not suitable to simulate strain accumulation because of their inability to predict plastic strain upon reloading. In general, the use of classical constitutive models requires major computational resources when the number of load repetitions is high, and the accumulation of numerical errors may distort the predicted deformations (Niemunis et al. 2004) .
Empirical strain accumulation functions have been proposed to fit experimental results as a function of the number of load cycles. Accumulation functions can be divided into three groups:
1. Equations that describe one component of the accumulated strain as a function of the first load cycle, the number of cycles, the static state of stress, and the initial density (Diyaljee and Raymond 1982; Gidel et al. 2001; Lentz and Baladi 1981; Sawicki and Swidzinski 1989; Sweere 1990; Tseng and Lytton 1989) ; 2. Equations that predict one component of the accumulated strain at a reference number of cycles N ref as a function of the state of stress, the initial void ratio, and the static shear strength (Barksdale 1972; Brown 1974; Lekarp and Dawson 1998; Lentz and Baladi 1980) ; and 3. Equations that predict the complete evolution of strain accumulation (i.e., magnitude and direction) as a function of the number of cycles, the state of stress, and the initial density (Bouckovalas et al. 1984; François et al. 2010; Kaggwa et al. 1991; Marr and Christian 1981; Niemunis et al. 2005; Suiker and de Borst 2003) . While strain accumulation functions are stable, their standalone application is restricted to simple boundary conditions. This study advances a stable deformation accumulation algorithm to analyze the long-term response of geotechnical structures subjected to repetitive loading. The methodology builds on previous developments by others (Suiker and de Borst 2003; Niemunis et al. 2005; François et al. 2010) . (Note: a comparative analysis is presented later in the Discussion section.) The hybrid approach involves a classical mechanical constitutive model to analyze the static load and the first load cycle and to satisfy equilibrium and compatibility during repetitive loading. In addition, empirical strain accumulation functions are invoked to estimate strain accumulation during repetitive loading. This manuscript starts with a review of soil behavior under repetitive mechanical loading, followed by a description of the proposed numerical scheme and field examples.
Soil Behavior under Repetitive Loading
The analysis of the long-term response of geotechnical systems subjected to repetitive loading is fraught by the large number of variables involved and by constitutive parameters that are difficult to calibrate. We seek to develop a robust numerical scheme that properly reflects salient features of soil behavior under repetitive loading with a limited number of parameters. 
Threshold Strains
Particle-level deformation mechanisms change with strain level. If the cyclic strain level is below the elastic threshold strain, the soil deforms at grain contacts without slippage (Dobry and Swiger 1979; Santamarina et al. 2001) . In contrast, the soil undergoes particle rearrangement and fabric changes when the strain level exceeds the volumetric threshold strain. At this strain level, the soil experiences either plastic volumetric strain in drained conditions or changes in pore pressure and mean effective stress in undrained conditions (Vucetic and Dobry 1991) .
Ratcheting, Shakedown, and Terminal Density
The long-term response of geomaterials subjected to repetitive loading can be characterized by either ratcheting or shakedown behavior. Ratcheting is the sustained long-term accumulation of shear strain during repetitive loading; typically, it develops under high stress obliquity (Alonso-Marroquin and Herrmann 2004) . In contrast, when strain accumulation decreases toward an asymptotic value (i.e., the plastic strain increment per cycle becomes null), the soil reaches a stable deformation state known as shakedown (Garcia-Rojo and Herrmann 2005) .
When the initial cyclic strains are larger than the elastic threshold strain, the soil fabric gradually evolves toward a statistically stable structure characterized by its terminal density, or terminal void ratio (Narsilio and Santamarina 2008) . The terminal density is processdependent and sets the upper bound for volumetric strain accumulation, even if the material experiences particle breakage during repetitive loading. Note that terminal density is reached in both ratcheting and shakedown behavior.
Cyclic Response in the Stress-Strain-Volume Space
The behavior of a granular material subjected to cyclic stresscontrolled loading in triaxial conditions is schematically shown in Fig. 1(a) . The soil response is characterized by the initial void ratio e 0 , the initial static mean stress p 0 , deviatoric stress q 0 , and the cyclic stress amplitude Dq. .) The conceptual trends in Fig. 1(a) show high plastic deformation induced by the first load cycle, gradual strain accumulation in every cycle, a relatively constant elastic component of the deformation (qeɛ 1 quadrant), and the soil asymptotically approaching terminal density (eep9 and eeɛ 1 quadrants). and is normal to the monotonic plastic potential, such as the modified Cam clay yield surface shown in the figure (Chang and Whitman 1988; Lackenby 2006; Suiker et al. 2005; Wichtmann et al. 2006 Wichtmann et al. , 2010b . The soil element subjected to an initial state of stress close to the critical state line h 5 M (shown as state S1) accumulates mainly shear strain, and its increment per cycle gradually becomes constant as the number of cycles increases. In contrast, the soil element subjected to an initial nearly isotropic state of stress (shown as state S3) experiences mainly volumetric strain accumulation, and the strain increment per cycle goes to zero as the material approaches its terminal void ratio e ' .
Numerical Modeling of Boundary Value Problems
A numerical scheme is developed herein to analyze geotechnical systems that experience long-term repetitive loading. The algorithm Fig. 1 . Behavior of a granular material subjected to drained cyclic triaxial loading: (a) evolution of effective mean stress p9, deviatoric stress q, axial strain ɛ 1 , and void ratio e; (b) evolution of the strain increment per cycle with the number of load cycles; S1, S2, and S3 are initial stress states is framed within a finite-element formulation and considers the soil behavior trends described previously. Vectors are expressed in bold lowercase letters and matrices in bold uppercase letters.
Algorithm for Long-Term Repetitive Loading
The proposed algorithm involves four modules. These modules and the selected constitutive functions are described herein.
Module #1: Initial Static Condition
The stress field induced by self-weight and the initial static component of the applied load P A are computed using the standard FEM and a selected mechanical constitutive model. At every integration point, the computed static stress is s A and the corresponding strain is ɛ A .
Module #2: First Load Cycle
The first load cycle is computed with the same constitutive model used in the previous module. The following stress s9 5 ðs xx 9 , s yy 9 , s zz 9 , t xy , t xz , t yz Þ T and strain ɛ 5 ðɛ xx , ɛ yy , ɛ zz , ɛ xy , ɛ xz , ɛ yz Þ T vectors are obtained at every integration point (T denotes the transpose):
• s B 9 and ɛ B at the maximum cycle load P max 5 P A 1 DP;
• s C 9 and ɛ C after unloading to the minimum load P min 5 P A 2 DP; and
9 and ɛ D after reloading to the initial static load P A . Note that the modified Cam clay model can be used only if the medium is normally consolidated or slightly overconsolidated after the initial static load so that the model can compute nonzero plastic strains for the first load cycle.
Subsequent load cycles will cause cyclic strain accumulation as long as the induced strain (ɛ B 2 ɛ A ) exceeds the elastic threshold strain ɛ e1 , which is a function of soil type and the confining stress. The plastic strain at the end of the first cycle is
Hence, the volumetric and shear strains at the end of the first cycle are
and
The strains at the end of the first cycle inherently reflect the combined effects of the initial effective stress and the initial void ratio, the cyclic stress amplitude and direction, and the sediment prior stress history. If the modified Cam clay model is used, normality applies at the end of loading during the first cycle, in particular, ɛ v j N51 ðh 5 MÞ 5 0 and ɛ q N51 ðh 5 0Þ 5 0.
Module #3: Cyclic Strain Accumulation
The volumetric and shear strains that accumulate during repetitive cyclic loading are calculated using empirical accumulation functions. We sought simple, mechanics-informed functions to capture the main features of strain accumulation. Empirical equations for strain increments in the ith cycle and for cumulative strains after the Nth cycle are described next. Strain Increments for the ith Cycle. The plastic volumetric strain per cycle vanishes as the sediment reaches terminal density, whereas the one-cycle plastic shear strain evolves toward a constant value. Then, volumetric and shear strain increments in the ith cycle are estimated as
where a, b, and c 5 constitutive parameters. The asymptotic values for i → ' are ɛ v i 5 0 when the sediment reaches terminal density and (ɛ q N51 × c) for the plastic shear strain increment; the parameter c . 0 corresponds to an element that experiences ratcheting.
Cumulative Strains after the Nth Cycle. The accumulated volumetric and shear strains after the Nth cycle are obtained by integrating Eqs. (4) and (5) 
where ɛ ' v 5 cumulative volumetric strain the soil experiences when it changes from the initial void ratio e A to the terminal void ratio e '
Eqs. (6) and (8) combine to predict the number of cycles needed to reach terminal void ratio
Note that the number of cycles to reach terminal void ratio N p increases as the volumetric strain in the first cycle ɛ v N51 decreases (as shown in Narsilio and Santamarina 2008) .
These accumulation functions predict trends that are asymptotically compatible with the sediment behavior reviewed earlier (sketched in Fig. 1 ). The volumetric strain accumulation for a soil element with an average stress obliquity close to critical state is null because ɛ v N51 ðh av 5 MÞ 5 0. In contrast, a soil element with an average stress obliquity close to the isotropic state does not accumulate shear strain given that ɛ q N51 ðh av 5 0Þ 5 0. For any other stress obliquity and at a very high number of cycles, the shear strain continues accumulating linearly ɛ , so strain accumulation is inherently affected by the initial void ratio e A , the initial static mean p A and deviatoric q A stresses, and the cyclic mean Dp9 and deviatoric Dq stress amplitudes. Experimental data show that constitutive parameters a, b, and c are mainly affected by the average stress obliquity h av 5 q av =p9 av , whereas other parameters have a secondary effect (see data in Wichtmann 2005) . The initial average deviatoric stress q av and mean stress p9 av are calculated using the stress field at the end of the first load cycle.
Module #4: Compatibility and Equilibrium Cumulative strains predicted for each element must satisfy compatibility, and the system must be in equilibrium throughout the domain, regardless of whether the soil elements experience cyclic strain accumulation (refer to Module #2).
Strain accumulation functions are not updated; thus, constitutive parameters (a, b, and c) and the strains in the first cycle, ɛ v Both strains combine into the accumulated strain vector from plasticity
where p9 N and q N 5 mean and deviatoric stress components of the stress state s9 N from the previous converged N-step and 1 5 ð1,1,1,0,0,0Þ T 5 identity vector. (Note: although Dɛ acc v and Dɛ acc q depend on the static load and the first load cycle, the accumulation direction depends on the previously converged stress state s9 N .) The stress increment due to the accumulated strain Dɛ acc is
where D e ½6 3 6 5 elastic stiffness matrix, and the strains Dɛ½6 3 1 and Dɛ p ½6 3 1 5 total and plastic strain increments induced to satisfy force equilibrium and strain compatibility through numerical iteration. The accumulated strain vector [Eq. (12)] induces internal stress Ds [Eq. (13)] and unbalanced forces in the system. The iterative reduction in unbalanced forces during Newtonian iterations causes nodal displacements until the system reaches equilibrium.
If the modified Cam clay model is used to compute the static load and the first load cycle, the elastic stiffness matrix D e is evaluated with the stress-dependent bulk modulus B 5 ð1 1 e N Þ × p N 9 =k and a constant Poisson ratio n. The void ratio e N , the effective mean pressure p9 N , and the preconsolidation pressure pc9 N are obtained from the previous converged step N. The updated void ratio e N1DN is calculated using the accumulated volumetric strain increment [Eq. (10)] and the updated preconsolidation pressure pc9 N1DN using the updated effective mean stress p9 N1DN
The void ratio at the end of the first cycle e N51 (Module #2) is the value after reloading e D , and the preconsolidation pressure p9 cN is the cycle maximum load pc9 B .
Comments on Stability and Convergence Fig. 2 summarizes the numerical algorithm. The stress field induced by the static load and the first load cycle (Modules #1 and #2) are spatially regular, as they inherently satisfy equilibrium and compatibility. Strains after N-cycles ɛ N will be regular as long as the cyclic load amplitude DP is smaller than the static load P A and the load cycle increments DN are advanced slowly during early cycles (low N values) to prevent numerical instabilities. The numerical scheme is advanced with increasingly larger load cycle increments DN until a target number of cycles N f is reached.
Numerical Examples
The hybrid algorithm described previously is implemented using the UMAT subroutine in ABAQUS 6.10/Standard with an explicit integration scheme so that the current step is calculated with values from the previous converged step. We select the modified Cam clay constitutive model to analyze the static load (Module #1) and the first load cycle (Module #2) and to satisfy equilibrium and compatibility during repetitive loading (Module #4).
Calibration
For this exploratory study, the model is calibrated using published triaxial test results for a quartzitic subangular sand (Wichtmann 2005) . The sand critical state friction angle is w 5 31:2°(i.e., M 5 1:25), the minimum and maximum void ratios are e min 5 0:577 and e max 5 0:874, the mean grain diameter is d 50 5 0:55 mm, and the coefficient of uniformity is C u 5 1:8. In the absence of experimental soil-specific data, the elastic threshold strain is estimated by assuming that interparticle displacement must exceed the atomic scale to break bonds kɛ e1 k 5 1 A=d 50 ; therefore, both volumetric and shear elastic threshold strains for this sand are assumed to be ɛ v,e1 5 ɛ q,e1 5 10 27 . Furthermore, in the absence of empirical data, we select the minimum void ratio e min as the terminal void ratio e ' for the empirical accumulation functions in Module #3. The effect of the average stress obliquity is considered by using the following constitutive parameters in Eqs. (6) and (7): 
Figs. 3(a and b) compare experimental data and calculated cumulative volumetric and shear strains. In linear-log scale, the measured volumetric strains show a pronounced increase after N ∼ 1,000 cycles. This trend is unsustainable from a terminal-density point of view, as incremental volumetric strains must reach a zero asymptote. The apparent sustained growth of ɛ
in Fig. 3 is due to either an emergent deformation mechanism (e.g., fatigue breakage) or experimental difficulties (e.g., fines loss). Additional experimental data confirm that granular materials subjected to cyclic stresscontrolled boundary conditions tend toward the terminal density corresponding to the imposed process for a large number of cycles (Kaggwa et al. 1991; Lackenby 2006; Rondón et al. 2009; Suiker et al. 2005; Youd 1972 ). Therefore, we opted to deviate from the volumetric strain data at large number of cycles when N . 1,000.
The number of cycles to reach terminal density N p computed using Eq. (9) and the selected constitutive parameters (Table 1) shows that a soil element with initial void ratio e A 5 0:70 and average stress obliquity h av 5 0:5 reaches a terminal void ratio e ' 5 e min 5 0:577 after N p ∼ 100,000 load cycles if ɛ v 
Physical Validation: Element Tests

Cyclic Triaxial Test
The cumulative axial strain and radial strain evolution with the number of load cycles N experienced by a soil element subjected to triaxial conditions are recovered from the volumetric and shear strain accumulation functions
and Fig. 4(a) shows the calculated trends for model parameters summarized in Table 1 . An increase in the accumulated axial strain means vertical compaction, whereas a decrease in accumulated radial strain implies radial expansion. Both strains increase with stress obliquities, in agreement with Eqs. (16) to (18). (Note: The apparent acceleration with N is due to the logarithmic scale.)
Cyclic Loading under Zero-Lateral Strain
Experimental evidence shows that a soil element subjected to cyclic vertical load under zero-lateral strain conditions experiences volumetric strains and lateral stress changes (Sawicki and Swidzinski 1995) . Fig. 4(b) shows a soil element consolidated to s v 5 100 kPa and cyclically loaded with a stress amplitude Ds v 5 20 kPa. The coefficient of earth pressure at rest K 0 5 s h =s v for virgin loading and the first unloading depends on the modified Cam clay model parameters in Table 1 and results in K 0 5 0:62. Assuming accumulation parameters summarized in Table 1 , the value of K 0 decreases to a minimum value K 0 5 0:58 during the initial cycles and increases gradually toward the isotropic state for a large number of cycles. The void ratio decreases from the initial value e 0 5 0:692 to reach e 5 0:684 after N 5 250,000 cycles. For reference, the number of cycles to reach a terminal void ratio equal to e ' 5 e min 5 0:577 is N p ∼ 10 80 [from Eq. (9)]; however, it is unlikely that e min is the terminal void ratio for zero-lateral-strain loading. 
Example 1: Flexible Foundation Subjected to Repetitive Loading
Consider a flexible shallow foundation on sand subjected to a static vertical load followed by repetitive vertical loading (Fig. 5) . The subsurface is modeled using 2,870 four-node plane strain elements with full integration. The numerically predicted footing bearing capacity is Q ult 5 750 kPa and agrees well with Terzaghi's bearing capacity. The stress and strain fields due to the static load Q A 5 Q ult =3 5 250 kPa and the first load cycle DQ 5 0:05 × Q A 5 12:5 kPa are calculated using the modified Cam clay model parameters in Table 1 . Fig. 5(a) shows the evolution of the footing vertical displacement with the number of cycles. The repetitive load causes an additional vertical displacement of 6 mm after N 5 100,000 cycles, and there is an associated decrease in void ratio underneath the footing [ Fig. 5(b) ].
The average void ratio from the surface to an influence depth similar to the footing width z 5 B f 5 1 m is e A 5 0:689. Assuming that repetitive loading compacts the soil to its terminal void ratio e ' 5 0:577, the maximum volumetric change the soil can experience in this zone is Dɛ max v 5 ðe A 2 e ' Þ=ð1 1 e A Þ 5 0:066. This volumetric change is equivalent to a maximum settlement d max 5 B f × Dɛ max v 5 66 mm, which is 11 times larger than the additional vertical displacement calculated after N 5 100,000 cycles. This comparison between an upper-bound estimate and numerical results suggest that footing settlement may still accumulate after the maximum number of cycles analyzed.
The zone of high stress obliquity h 5 q=p grows from the footing center toward the edge underneath the footing [ Fig. 5(c)] ; therefore, while the static vertical load remains constant, the cyclic load gradually brings the subsurface soil to critical stress obliquity h 5 M. However, sediment densification increases the preconsolidation pressure pc and consequently enlarges the yield surface; therefore, cyclic loading does not necessarily bring the system closer to failure in this case.
The factor of safety FS 5 Q ult =Q A and the cyclic load amplitude DQ affect the footing response to the repetitive load (Fig. 6) . The settlement of the footing center point increases with the applied static load Q A and with the cyclic load amplitude DQ (i.e., lower factor of safety).
The application of an additional static horizontal load on the footing T A ∼ Q A =6 does not increase surface settlements. However, horizontal displacements increase proportional to the cyclic load amplitude DQ during repetitive loading [Fig. 6(b) ].
Example 2: Rigid Footing Subjected to Repetitive Eccentric Load
Gravity-based foundations are preferred for wind turbines onshore and offshore in shallow water (Byrne and Houlsby 2006) . The repetitive wind load adds an overturning moment to the foundation. Consider a B f 5 14-m-wide footing buried D f 5 2:5 m deep, and made of concrete density g f 5 25 kN=m 3 and Young's modulus E f 5 30 GPa. A static vertical force P A 5 10 MN=m is applied at the center of the footing. The cyclic overturning moment is modeled as an eccentric cyclic force DP 5 0:5 MN=m applied 3.5 m away from the centerline.
The sand subsurface is modeled with 4,400 four-node plane strain elements with full integration. The stress and strain fields induced by the static load and the first load cycle are calculated using the modified Cam clay model (sand model parameters in Table 1 ). For these parameters, the maximum numerically predicted normal force the footing can sustain is approximately P ult A 5 60 MN=m. Fig. 7 shows (a) vertical displacements induced by the static force and the first load cyclic, and the additional displacement due to the axial strain with the number of cycles N of samples subjected to cyclic vertical load; the average mean stress is p9 0 5 200 kPa, and the stress amplitude is Dq 5 60 kPa; (b) zero-lateral strain test: evolution of mean stress p9, void ratio e, and coefficient of earth pressure at rest K 0 in an oedometer cell with average vertical stress s v 5 100 kPa and subjected to a cyclic vertical stress Ds v 5 20 kPa; boxes in e-p9 space correspond to cycles N 5 2 5 , 2 8 , 2 11 , 2 15 , 2 18 , and 2 cyclic force after N 5 100,000 cycles; (b) the void ratio and (c) the stress obliquity for load cycles N 5 1 and N 5 100,000. It can be seen that the cyclic force induces densification, footing settlement, and rotation. The horizontal and vertical displacement of the footing center point B as well as the footing rotation, the difference between the vertical displacements of points A and C divided by the footing width B f , are shown in Fig. 8 for various static factors of safety FS 5 P ult =P A and cyclic force amplitude DP=P A . Displacements and rotations increase as the factor of safety P ult =P A decreases and the cyclic force amplitude DP=P A increases. The continuous accumulation of both horizontal displacement and rotation suggests that the footing may experience long-term ratcheting behavior.
The volumetric accumulation is slow, and the lowest void ratio reached after N 5 100,000 cycles is e 5 0:68 . e ' 5 0:577 (Fig. 7) . Hence, the footing may continue settling and rotating with increasing load cycles until the soil approaches its terminal void ratio everywhere beneath the footing depth of influence where the strain from the first load cycle exceeds the elastic threshold strain.
Discussion
The proposed numerical scheme and other recently developed models with empirical strain accumulation are summarized and compared in Table 2 . The simple and robust numerical scheme proposed in this study presents some clear advantages with respect to other methods. The constitutive model and accumulation functions capture proper initial and asymptotic trends, such as the nonlinear response to the initial load and the first load cycle, terminal density, and ratcheting behavior for high stress obliquity. The static load and the first load cycle must be simulated with constitutive models that yield plastic strain.
The accumulated strain is explicitly defined, and the solution converges fast, particularly when the cyclic component of the boundary load is low compared with the static component. The formulation can be modified to account for repetitive displacement boundary conditions. The algorithm applies to relatively constant repetitive load characteristics and stress conditions, yet the state of stress and the strain amplitudes change during the application of repetitive loads (a validation of Miner's rule for sands is presented in Wichtmann et al. 2010a) . Problems that involve sequences of drained and undrained loads cannot be accurately tested owing to the lack of experimental data. However, experimental results from drained cyclic multidirectional simple shear tests (Wichtmann et al. 2007 ) and drained cyclic true triaxial tests (Yamada and Ishihara 1982) suggest that changes through the loading history can alter the strain accumulation rate.
In weakly constrained problems, such as foundation problems, the stress field is quite independent of the constitutive model; however, this is not the case for strains. Proper calibration of the constitutive model (static settlement and first cycle) plays an important role in the anticipated long-term response under repetitive loading.
The hybrid constitutive model with empirical strain accumulation described here adds five parameters (a, b, c, e ' , and ɛ el ) to the parameters needed for the constitutive model used to analyze the static and first-cycle loads. Additional calibration flexibility can be gained by relaxing these parameters; for example, accommodating a, b, and c as a function of the stress obliquity h or defining the terminal void ratio as a function rather than as a constant value.
New test protocols are needed (1) to accurately predict the first cycle strains ɛ v N51 and ɛ q N51 and (2) to properly calibrate the accumulation functions with emphasis on the determination of asymptotic conditions. In particular, strain accumulation functions should be carefully calibrated to match the measured incremental and cumulative strain trends. The calibrated model can be tested against the evolution of vertical and horizontal strains in a triaxial condition, and the evolution of the coefficient of earth pressure at rest K 0 under zero-lateral strain boundary conditions. Model calibration also requires experimental data to determine elastic threshold strains and terminal densities.
The proposed methodology can be extended to other repetitive actions that can cause cumulative soil deformation, including temperature oscillations (Campanella and Mitchell 1968; Towhata et al. 1993) , freeze-thaw cycles (Qi et al. 2006) , wet-dry cycles (Albrecht and Benson 2001; Tripathy and Subba Rao 2009) , and cyclic pore fluid changes (Musso et al. 2003) . Rigid foundation subjected to repetitive eccentric load: (a) vertical displacement; distribution of (b) void ratio and (c) stress obliquity h for load cycles N 5 1 and N 5 100,000; the cyclic force DP is applied at e x 5 3:5 m from the footing center; note: the maximum force the footing can sustain is estimated as P 
